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Streamwise Upwind Algorithm for Computing Unsteady
Transonic Flows Past Oscillating Wings

Shigeru Obayashi,* Guru P. Guruswamy,t and Peter M. Goorjiant
NASA Ames Research Center, Moffett Field, California 94035

A streamwise upwind algorithm has been extended to compute unsteady flows with a moving grid system
and applied to compute flows over oscillating wings at transonic Mach numbers. Comparisons have been made
between results obtained from this upwind algorithm, using both temporally nonconservative- and conservative-
implicit methods, with the results obtained from a central-difference method, and also with experimental data.
The efficiency and practicality of the temporally nonconservative implicit solver are illustrated. Results to show
the robustness and accuracy of the upwind method for unsteady computations compared to the central-difference
method are presented.

Introduction

I N the last two decades, there have been extensive devel-
opments in computational aerodynamics, which consti-

tutes a major part of the general area of computational fluid
dynamics. Such developments are essential to advance the
understanding of the physics of complex flows, to complement
expensive wind-tunnel tests, and to reduce the overall design
cost of an aircraft, particularly in the area of aeroelasticity.

Aeroelasticity plays an important role in the design and
development of aircraft, particularly modern aircraft, which
tend to be more flexible. Several phenomena that can be
dangerous and limit the performance of an aircraft occur be-
cause of the interaction of the flow with flexible components.
For example, an aircraft with highly swept wings may expe-
rience vortex-induced aeroelastic oscillations.1 Also, undesir-
able aeroelastic phenomena due to the presence and move-
ment of shock waves occur in the transonic range. Aero-
elastically critical phenomena, such as a low transonic flutter
speed, have been known to occur through limited wind-tunnel
tests and flight tests.

Aeroelastic tests require extensive cost and risk. An aeroe-
lastic wind-tunnel experiment is an order of magnitude more
expensive than a parallel experiment involving only aerody-
namics. By complementing the wind-tunnel experiments with
numerical simulations, the overall cost of the development of
aircraft can be considerably reduced. To accurately compute
aeroelastic phenomenon it is necessary to solve the unsteady
Euler/Navier-Stokes equations simultaneously with the struc-
tural equations of motion.

At Ames a code, ENS AERO, is being developed for com-
puting the unsteady aerodynamics and aeroelasticity of air-
craft, and it solves the Euler/Navier-Stokes equations. The
capability of the code has been demonstrated by computing
vortical and transonic flows over flexible swept wings,2-3 The
flowfields were calculated by a time-accurate, finite-
difference scheme based on central differencing.
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The motivation of this study is to enhance the algorithm
capability of the present code. Toward this goal, the use of
an upwind scheme is investigated in comparison with the cur-
rent central-difference (CD) scheme. The CD scheme re-
quires artificial dissipation to stabilize computations. In gen-
eral, such artificial-dissipation models lead to more dissipative,
and thus less accurate, solutions than upwind schemes. In
addition, the CD scheme is sensitive to the amount of dissi-
pation and it is necessary to specify a dissipation coefficient
on a case-by-case basis. On the other hand, upwind schemes
do not require any coefficient to be specified.

Upwind algorithms are important in computational fluid
dynamics for calculations of flows containing shock waves4

and also for accurately resolving shear layers.5-6 Most multi-
dimensional upwind algorithms are first constructed in one
dimension and then extended to multidimensions by applying
the one-dimensional procedure to each coordinate direction.
The resulting algorithms are less accurate for resolving shock
waves that are inclined with respect to grid lines. They also
have difficulties for solving flows with embedded shear layers.
To increase the accuracy, an upwind algorithm should model
the physical features of the flow by applying upwind formulas
along the streamwise direction. Then, the switching of flux
evaluations would take place at sonic values, as is done in
algorithms for the full-potential equation.7

A streamwise upwind algorithm was previously developed
and applied to transonic and vortical flowfields.8'11 The reader
may refer to Refs. 8 and 11 for the derivation of the formulas,
which are generalizations to the Euler equations of the al-
gorithm for the full-potential equation. The main features of
the algorithm are the use of rotated differencing to enforce
upwinding in the streamwise direction and the use of flux-
vector splitting (FVS) formulas for the upwinding that smoothly
switch between subsonic and supersonic regions of the flow.
The latter feature is analogous to the differentiability of
Osher's upwind algorithm.12

Another way of constructing upwind techniques for the
Euler equations is called flux-difference splitting (FDS), one
example being Roe's upwind algorithm.4 In general, the FVS
has an advantage over the FDS because of its simplicity. On
the other hand, for the crossflow direction or contact discon-
tinuities, the FDS has better resolution than the FVS.5 Now,
Goorjian's FVS8 can capture shock waves as sharply as Roe's
FDS. In addition, Goorjian's formula does not require an
entropy correction that is required by Roe's formula. The
streamwise upwind algorithm with Goorjian's FVS formula
does not smear solutions for either contact discontinuities8 or
shear flows.

The original streamwise upwind algorithm may cause so-
lution decoupling in the supersonic region or instability at
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contact discontinuities because it uses central differencing for
the crossflow direction. Further development of the algorithm
was made to prevent these instabilities.10-11 It was found that
the enforcement of physical conditions at a contact discon-
tinuity, i.e., pressure and velocity continuity across the dis-
continuity, leads to a sufficient dissipation model. The ad-
ditional terms based on pressure and velocity continuity can
be obtained by simplifying the FDS algorithm. Therefore, an
improved streamwise upwind algorithm has been developed
that combines important features of both FVS and FDS.

The streamwise upwind algorithm has an advantage in cap-
turing normal shock waves independently of their alignment
with grid lines because the formulas switch depending on the
Mach number only, not on the coordinate Mach number. For
sharply capturing oblique shock waves in supersonic regions,
the algorithm requires the use of a modified rotation angle,
which is determined by taking into account the region of the
Mach cone in addition to the cosine of the stream direction.11

The additional operations required to compute the rotated
differencing are compensated by the simplicity of the FVS
formula. The resulting algorithm requires arithmetic opera-
tions similar to those of the FDS methods.

In this work, the streamwise upwind algorithm has been
further extended to compute unsteady flows associated with
moving grids. The resulting algorithm has been implemented
into the code using a finite-volume spatial discretization. This
method and the CD method are both options in the present
version of the code. The new option of the code has been
successfully applied for computing unsteady transonic flows
over oscillating wings. The results demonstrate that the up-
wind scheme improves the accuracy of both steady and un-
steady pressure predictions with shock waves.

Governing Equations and Numerical Algorithms
The present streamwise upwind algorithm consists of three

key features: FVS, FDS, and the rotated differencing. The
first two features are the basic upwind techniques and those
concepts can be explained in the one dimension. The third
one is associated with the multidimensionality. In the follow-
ing, the basic upwind concepts are described by using the one-
dimensional Euler equations first. Then the complete three-
dimensional formulas are presented with a discussion about
the rotated differencing. Finally, the implicit methods are
discussed. At the end, the CD method is briefly described for
comparison purposes.

FVS and FDS Algorithm
The one-dimensional Euler equations can be written as

a + FX = o (i)
where Q = (p,pw,e)r with density p, velocity u, and total
energy per unit volume e; and where F = (pw,pw2 + p,puH)T

with pressure p and total enthalpy //. The pressure is related
to Q through the equation of state for a perfect gas:

p = (y - \)(e — pw2/2) (2)

where 7 = 1.4 is the ratio of specific heats. The cell-centered
space-discretized form of Eq. (3) can be written as

(3)

where F j ± l l 2 are numerical fluxes at cell interfaces. Upwind
algorithms can be described in the way of evaluating the cell-
interface fluxes (for example, see Ref. 4). For example, if u
> 0, where a is the speed of sound, a first-order accurate cell-
interface flux is simply given by Fj f 1/2 = Fr This results in
the backward differencing of the entire flux F. However, up-
wind formulas become more complicated when \u\ < a.

For subsonic flows, Goorjian's FVS algorithm8 can be writ-
ten for Fj+m = F(QhQ,)as.

r d* F 1— dfij «>
where Q{ and Qr are left and right states across the cell in-
terface, respectively, and / = / and r = j + 1 give the basic
first-order formula. Higher-order extension can be done by
using the standard MUSCL approach.13 The integral part was
derived as follows for u > 0:

where "*" indicates local sonic values and A*F = F* — F.
Using the local isentropic relations, A*Fcan be simplified as

A*F = (6)

where es = (l,w,//)r is a sum of two eigenvectors of 8F/dQ.
Note A*(pw) > 0 for M < 1 and A*(pw) = 0 for Af = 1. This
formula is equivalent to the FDS formula, if the flow is is-
entropic. The formula is much simpler than other FDS for-
mulas because the flux difference is represented by the scalar
difference. If the flow is not isentropic, then the algorithm
can be interpreted as an FVS algorithm. Even in the latter
case, the use of isentropic relations does not restrict the flow-
fields because the isentropic relation is used only locally at
each grid point (or cell) to compute local sonic values in space
and time. This formula can be directly extended to the three-
dimensional case along the streamwise direction.

The above FVS formula is simple and accurate for sonic
points but cannot handle contact discontinuities properly. To
construct a counterpart flux formula, take the FDS algorithm
of Roe4-6

F(Q,,Qr) = i- \A\(Q, - (7)

where A = A(QhQr) is the Roe-averaged Jacobian matrix.
Assuming that w, A/?, and Aw are small and neglecting the
resultant higher-order terms in the product of the wave strength
and its speed for each wave,11 Eq. (7) can be simplified as

+ (a - es + pAii e (8)

where A • = v — . •/ and ed = (0,l,w)'r. The variables are
averaged unless defined as a difference between left and right
states. A simple arithmetic average is taken for p, z/, and H
instead of Roe's average because these terms are not used
across normal shock waves. Note that p and u are to be
continuous for contact discontinuities (u = 0) and that Eq.
(8) enforces those continuities.

The present formula is written in a combination of FVS
and FDS formulas as

(9)- (1 - + (c - M){(A/?/c2K +

where sign(w) gives the sign of velocity and \) is a weight of
the FVS formula. In the one-dimensional case, the square of
the Mach number, M2 = M2/«2, at the averaged state can be
used to determine the parameter i) as -d = min(M 2 , l ) . In the
multidimensional case, the parameter 0 is replaced with cos28
where 9 is the rotation angle, and 1 — -0 is replaced with
sin26. This rotation angle will be discussed later. Although
Eq. (9) has a lengthy expression, it has only two additional
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vectors, es and ed, besides Q and F. Thus the formula is not
very expensive computationally.

Following Refs. 7 and 8, the switches s{ and sr are defined
in the manner of Godunov's method as follows. For u > 0,

e, sr = (1 - e J(l - er) (10)

where e / m r = {1 + sign(M2
 m r — l)}/2 and Mm denotes the

Mach number of the averaged state. Considering a special
case of a supersonic flow with u > 0, one obtains s{ = sr =
1, ft = 1, and sign(w,) = sign(wr) = 1. Then the formula
results in F(QhQr) = F,. Applying this to Eq. (3) with / = /,
the present formula coincides with the standard upwind for-
mula that uses the backward differencing of the entire flux
F. Note that the switches, Eqs. (10), will use the Mach number
even in the multidimensional case, rather than the coordinates
Mach number. Thus, with the use of the rotated differencing,
this streamwise upwind algorithm can capture normal shock
waves independently of their alignment to grid lines.

Three-Dimensional Navier-Stokes Equations
The nondimensionalized thin-layer Navier-Stokes equa-

tions used in this study can be written in conservation-law
form in a generalized body-conforming curvilinear coordinate
system as follows:

drQ (U)

where T = f, £ = £(x,y,z,i), TI - i\(x9y,z9t), and £ = £(*,;y,z,f).
In the present paper, the £ and TI directions are along the
streamwise and span wise directions of a wing, respectively.
The viscous derivatives associated with these directions are
dropped. In contrast, the £ direction is normal to the wing
surface, and thus the viscous derivatives are retained.

The vector of conserved quantities Q and the inviscid flux
vector F are

p
pw
pv
pw
e Ip HV

(12a)

where H is the total enthalgy and the contravariant velocity
component V is defined as V = T), + r\xu + r\yv + r\zw. The
Cartesian velocity components u, v, and w are nondimen-
sionalized by the freestream speed of sound av.\ the density p
is nondimensionalized by the freestream density p^; the total
energy per unit volume^ is nondimensionalized by p^0J. For
the £ and £ directions, E and G can be defined similarly. The
viscous flux vector Gv is given by

r* L

° ~J

0

-

(12b)

with

3 = {(u2

- 1)

(12c)

(12d)

(12e)

where Re is the Reynolds number, Pr is the Prandtl number,
a is the speed of sound, and / is the transformation Jacobian.
Pressure is related to the conservative flow variables Q through
the equation of state for a perfect gas:

P = ~ (p/2)(w2 + v2 + w2)} (13)

Gk+l/2 - Gk-l/2 , 1 G^
AT,

.+ 1 /2 - 6j_I /2
A£ Re A£

where p is the fluid density and e is total energy per unit of
volume of the fluid. See Ref. 3 for detailed definitions.

For inviscid flows, the viscous flux Gv is replaced by 0. For
viscous flows, the viscosity coefficient JJL in Gv is computed as
the sum of (^ + u.,), where the laminar viscosity JJL/ is taken
from the freestream laminar viscosity, assumed to be constant
for transonic flows, and the turbulent viscosity, u,, is evaluated
by the Bladwin-Lomax algebraic eddy-viscosity model.14

Space Discretization
The space-discretized form of Eq. (11) can be written as

(14)

where a second-order central-difference evaluation is applied
to the viscous term.

The evaluation of the inviscid fluxes is based on the finite-
volume cell-centered scheme. To be consistent with the finite-
difference scheme in ENS AERO, the metrics are defined at
each grid point where the flow variables are stored. The sur-
face vector of each cell interface, which is necessary for the
finite-volume formulation, can be obtained by averaging
the metrics at the adjoining points. The freestream preserva-
tion of this metric evaluation was shown for fixed grids in
Ref. 15.

For a general motion of the grid, the time-metric terms
used here will not preserve the freestream.16 The error due
to the present time-metric terms, however, was found to be
completely negligible in the present applications by comparing
the computed results obtained with and without the free-
stream subtraction.

Now the streamwise upwind algorithm is described for the
inviscid fluxes at cell interfaces.

Streamwise Upwind Algorithm on Moving Coordinates
To extend the streamwise upwind algorithm from a fixed

grid system to a moving grid system, the flow velocity relative
to the fixed grid (inertial frame), q = (W,V,H>), is redefined
as the flow velocity measured relative to the moving grid, q
= (u — xnv — ynw - z,). This is consistent with the mod-
ification of the definition of the contravariant velocity from
a fixed system. For example,

For a moving system,

^moving = U + Ut" + U

= T]X(U - xt)

= V-n • q

• ?

y _|_ Y| VV

,(" - y.)

(15)

- z,)

(16)

where TJ, = — T^JC, - TQ^, - r\=z,. Then the formulas for a
fixed system can be rewritten for a moving system. Note that
the present algorithm uses xn yn and z, to obtain the flow
velocity for upwinding in the streamwise direction, instead of
£„ T],, and £, to compute the contravariant velocity for up-
winding in the coordinate direction.
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The complete algorithm can be summarized in component
form with a surface vector S = V-n// and a motion of its
centroid, xt = (#„)>„ z,), as

(17)

where

//7r"/,r + kxPLr

//7rV/,r + fcvP/fr

//;,HV + k2pr,
ktpf.r

(18a)

with

sign(P,,r)cos2e,,r}
cos2e/ir ± pjKj sin26 - iA, sin20 (18b)

{l ± sign(V,,r) cos2e7,} - iA2 sin26 (18c)

^r - zt) (18d)

where q2 = (u - xt)2 + (v - yt)2 + (w - z,)2 and A*(pg)
= p*q* — pq = local sonic values,

(<f)2 =

p* =

and where

A, = («„, - |Vj)(Ap/«2,)

A2 = (am - \Vm\)pnAV

(18e)

(18f)

(18g)

(18h)

with A • = v - ' /» V = kxu + ^vv + ^.w, &/ = -&.,*/ ~
^y/ ~ kzZn kx = Uv/|Vr||, and so on. The switches $/ and 5,.
are defined as in Eqs. (10) by using the modified Mach num-
ber, M = qla. The term, k,Q.,,, subtracts the freestream for
time metrics, The subscripts /, m, and r denote the left, av-
eraged, and right state of the flow variables. The averaged
state is defined for p, w, v, w, and H by the arithmetic average
of the left and right states. The evaluation of 6/<;. will be dis-
cussed in the next section.

The basic scheme is first-order accurate with / = j and r
= / + 1. Higher-order schemes are constructed from a one-
parameter family K of interpolations of the primitive variables,
p, w, v, w, and p. For example,

Pr = {1 -

- K)V

K)V +

(19a)

(19b)

where V and A are backward and forward difference opera-
tors, respectively.13 For the third-order scheme, K = i, Ko-
ren's differentiate limiter17 is used in this paper. The limiter
\\t is calculated as

(20)2(Ap, - Vpf + 3V/?/A/;, + s

where a small constant e, e = 10 6 typically, is added to
prevent the division by zero. The same formulas are used for
the other primitive variables.

Rotated Differencing
A simple example of the rotation angle is the use of cosine

of velocity as cosB = Vlq because the FVS part has the term

associated with q. In supersonic flowfields, however, it is
important to detect whether the velocity projected to the grid
line is beyond the Mach cone. Thus, Vlq is replaced by M •
Vlq = Via. If Via becomes larger than one, cosG is frozen at
one. The resulting formula is similar to the one-dimensional
case. This enhances the ability to capture oblique shock waves. ' l

Note that this form prevents dividing by zero when q = 0.
This evaluation of the rotated angle makes the present for-

mula similar to the FDS formula in certain cases. For example,
let us assume supersonic flow (s, r = 0) and U > V > a. Then
even for the V direction, the present formula gives the com-
plete upwind differencing of the entire flux, as FDS does,
because cos26 = 1. This feature leads to a favorable resolution
of bow and crossflow shocks. However, it allows crossflow
expansion shocks because the FVS part does not contribute
(S,.r = 0)-

To avoid expansion shocks, the rotation angle is determined
by a mixture of averaged (m) and pointwise (/,r) values:

cos29/r -

The following is used for evaluating 4> in this paper:

- max y+ I 2y Pi

(21)

(22

where pl2 denote upstream and downstream pressures, re-
spectively. Note that the formula, (1/27X7 - 1 + (7 + l)(/?2//?i)K
gives the square of the Mach number ahead of the shock
wave (or the normal component of the Mach number ahead
of the oblique shock).18 The parameter 4> is fixed at 0 for the
compression p2lp\ > 1. For the expansion, c)> increases as p2l
/?! decreases. Finally, it reaches 1 for the expansion to the
vacuum (p2 = 0).

The sine is determined by an arithmetic average of the
cosines: sin26 = 1 - 3(cos20/ + cos26,).

Implicit Method
Implicit methods for upwind algorithms are under strong

constraint in computational efficiency.12jy>2() The main diffi-
culty lies in the linearization of the numerical fluxes. An exact
linearization is computationally formidable for time-marching
methods, although it can be used for specific purposes, such
as to achieve a quadratic convergence with a direct solver.21

Another difficulty originates in the use of flux limiters for
higher-order spatial accuracy. Yet implicit methods are pre-
ferred especially for viscous computations. Thus, practical
implicit procedures for upwind algorithms can be constructed
with the use of approximate linearizations (so-called approx-
imate Jacobians) in the first-order accuracy in time.

An alternative approach is to use iterative methods.12 How-
ever, iterations required in each time step can be compensated
with the use of relatively small time-step sizes in noniterative
methods. Also, the additional memory requirement could be
critical for three-dimensional applications. Therefore, a non-
iterative first-order implicit method for the present upwind
algorithm is considered in this research.

The computational efficiency of the method is critical for
expensive unsteady calculations. Thus, the method chosen
here is the lower-upper factored, alternating direction implicit
(LU-ADI) method15 that requires only scalar bidiagonal ma-
trix inversions. In addition, this method uses the approximate
Jacobian of the Steger-Warming flux-vector splitting22 which
is very robust when used in the implicit procedure. For the
viscous computations, only the diagonal elements of the vis-
cous Jacobians are taken into account. See Ref. 23 for further
details.

The LU-ADI method is nonconservative in time due to the
diagonalization. To investigate the significance of this tern-
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poral nonconservativeness, an alternate approach is also con-
sidered and compared with the LU-ADI method. A time-
conservative method can be constructed using a block tridi-
agonal solver.12'19 Since true Jacobians of the numerical fluxes
of the present upwind algorithm are expensive to compute,
approximate Jacobians are used here. Reference 24 describes
the formulations for the approximate Jacobians.

Similar to the results discussed in Ref. 20, this approach
yields a method that is less stable than the LU-ADI method.
In addition, this method requires twice the computational
time used by the LU-ADI method. Note that both methods
are first-order accurate in time even though the resulting block-
ADI method is temporally conservative.

CD Method
To compare with the upwind algorithm, the second-order-

accurate CD scheme with the artificial dissipation terms25 is
shown here as

P(QJ+lSj+lxt]+l)}

(23)
y+l /2

where 82 is a central second-difference, a is a sum of spectral
radii of the Jacobian matrices of the inviscid fluxes, and ( )J+ 1/2
= {( ),-+i + ( ),}/2. The parameters, K(2) and K (4), control the
strength of the second- and fourth-order dissipation terms;

where

g2 =
Pi

Pi- •
pi+l + 2Pi

(24)

(25)

and KJ4) and e(4) - min(e(4),K{2)). Typical values for dissi-
pation coefficients, e(2) and e(4), are 0.25 and 0.01, respec-
tively.2'3'25-26 These values have been carefully tested for both
steady and unsteady flow computations and thus are used
here.

Note that Eq. (23) uses the difference of the vector of the
conservative variables directly, while the present upwind for-
mula, Eq. (17), uses the combination of differences, such as
total mass flux, pressure, and contravariant velocity, as illus-
trated in Eq. (9).

The implicit part of the CD method uses the diagonal form
of Beam-Warming method which is first-order accurate and
nonconservative in time similar to the LU-ADI method. See
Ref. 25 for further details.

Results
In this work, only the first-order time-accurate methods are

considered because of computational efficiency. However,
time accuracy is an essential requirement for aeroelastic com-
putations. Numerical schemes used for flow calculations in
aeroelasticity must guarantee the correct calculation of am-
plitude and phase of unsteady pressures. In order to verify
the time accuracy of the present code, unsteady flows over
typical rectangular and fighter wings undergoing prescribed
oscillatory motions are computed.

The grids used here are generated algebraically in the
C-H topology. The £, T], and £ coordinates represent the
chordwise, spanwise, and normal (to the wing surface) direc-
tions, respectively. Coarse and fine grids are used for both
rectangular and F-5 wing cases.

Rectangular Wing
The first test considers inviscid and viscous unsteady flows

over a rectangular wing with a NACA 64A010 airfoil section
and an aspect ratio of 4. For this rectangular wing case, the

coarse grid contains 91 x 25 x 25 points in the £, T], and £
coordinate directions, respectively, while the fine grid con-
tains 151 x 25 x 34 points. References 24 and 26 discuss the
computed results for the same test case. The unsteady meas-
ured data from wind tunnel tests are given in Ref. 27.

The unsteady data are given for the case when the rigid
wing is oscillating in the pitching mode, a(t) — &„, — dsin(a)f),
about an axis at x/c = 0.5, where c is the chord length and
CD is the pitching frequency in radians per second. The flow
is computed at M^ = 0.8 with a mean angle of attack <*,„ =
0 deg, a pitch amplitude d = 1 deg, and a reduced frequency
k = 0.27 (k = <oc/Ux).

Unsteady computations are started from the corresponding
steady-state solution. The convergence of the unsteady com-
putations to a periodic flow is verified by comparing the results
between cycles. For all cases presented here, the third-cycle
results give identical pressure profiles to those of the second-
cycle results. Thus, the numerical transient is confirmed to
disappear within two cycles.

First, the LU-ADI upwind method was applied to compute
this inviscid flow on the coarse (91 x 25 x 25 point) grid
using 360, 720, 1080, 1440, and 1800 time steps per cycle of
oscillation (steps/cycle). The unsteady pressure profiles on the
wing surface that were obtained using 1800 steps/cycle coin-
cided with those using 1440 steps/cycle. The computation con-
verged with respect to time-step sizes at 1440 steps/cycle.

AGARD rectangular wing
M00=0.8
am = 0°,a=1°
k = 0.27

Grid: 91 X 25 X 25

Upwind (LU-ADI)
— — — Upwind (Block-ADI)
• • • • • • • • Central

D Exp

94% semispan

Fig. 1 Comparison of computed inviscid upper surface unsteady pres-
sures among the LU-ADI upwind, block-ADI upwind, and central-
difference methods over the rectangular wing with the coarse grid.
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AGARD rectangular wing

k = 0.27
Grid: 151 X 25 X 34

Upwind (LU-ADI)
Central

D Exp

X/C x/c

Fig. 2 Comparison of computed inviscid upper surface unsteady pres-
sures between the LU-ADI upwind and central-difference method over
the rectangular wing with the fine grid.

There was at most 4% difference in the unsteady pressure
plots between the results using 720 and 1440 steps/cycle. Thus,
720 steps/cycle gives the practically converged solution in this
case.

The CD method showed less dependence on time-step sizes
than the LU-ADI upwind method. The CD computation con-
verged at 720 steps/cycle. The block-ADI upwind method
showed more dependence on time-step size. The solution pro-
files obtained with 3600 steps/cycle finally gave a good agree-
ment with the LU-ADI upwind result obtained at 1440 steps/
cycle. The block-ADI computations were not stable for 360
and 720 steps/cycle because of the use of the approximate
Jacobians as mentioned before.

Figure 1 shows the comparison of real and imaginary parts
of the first Fourier component between the computed and
measured unsteady upper surface pressure coefficients of the
wing at various spanwise locations, using the three methods
with 1440 steps/cycle. Both upwind results give similar profiles
of the shock motion, although the LU-ADI upwind method
is nonconservative in time. Both upwind results give crisper
profiles (narrower peaks) at the region of the shock motion
than the CD result.

These results indicate that the temporally nonconservative
LU-ADI method can be used for unsteady computations even
with moving shock waves when a large enough number of
time steps (i.e., small A/) is used per cycle. In the present
case, any number greater than 720 will give practical results.

F-5 wing
AR = 2.98
TR = 0.31
LE sweep = 31.9°
Grid: 151 X 25 X 30

Fig. 3 F-5 wing and grid distributions at root section.

-1.0

Fig. 4 Unsteady modal motion of F-5 wing.

The CD method also uses the temporally nonconservative
diagonal form. However, the result differs from both upwind
results. This indicates that the solution depends on the nu-
merical dissipation more than the time-conservative proper-
ties of the methods. The block-ADI method requires twice
as much CPU time as the LU-ADI method, but its accuracy
does not appear to compensate for the increased computa-
tional time. Thus, the block-ADI method will be dropped in
the following computations.

Next, the inviscid computations were repeated on a finer
(151 x 25 x 34 point) grid to check the grid dependency.
Figure 2 shows the comparison of unsteady pressures using
the LU-ADI upwind and CD methods. Both computations
use 720 steps/cycle, as suggested in the coarse-grid case. Com-
paring with the coarse-grid solution in Fig. 1, the CD solution
tends to converge to the upwind solution due to the grid
refinement.

Although there is a discrepancy between the computed and
measured data especially at 50% semispan location, it can be
explained by the difference between the computational and
experimental models. In the computation, the wing root sec-
tion was assumed to be a symmetry plane. However, in the
experiment,27 the wing was mounted on a half-model of a
circular body to avoid the effect of side-wall boundary layer.
This increased the aspect ratio from 4.0 to 4.76. Also, there
was a clearance gap between the wing root and the fixed
circular body, which was found to affect the inboard loading.
In addition, the experimental wing had a fixed transition,
while the computation assumed a fully turbulent flow.
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F-5 wing

Re = 9 X 106

M^ = 0.896

Grid: 121 X 25 X 25
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Fig. 5 Comparison of computed viscous steady pressures between
the upwind and central-difference methods at A/v = 0.896 over the
F-5 wing with the coarse grid.
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F-5 wing
am = 0°,a = 0.11°
k = 0.550
Re = 9 X 106
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Fig. 6 Comparison of computed viscous unsteady pressures between
the upwind and central-difference methods at M, = 0.896 over the
F-5 wing with the coarse grid.

To demonstrate the capability of the present method for
viscous computations, the same case has been computed with
the viscous terms. The viscous grid has the same number of
grid points as the inviscid fine grid, but with a smaller spacing
in the £ direction normal to the wing, To obtain a steady-state
solution, the grid had to be smoothly rounded at the wing tip
due to the stability requirement for the CD method. In con-
trast, the LU-ADI upwind method is robust enough to allow
a finite thickness at the tip.

In the unsteady computations, the time-step size used in
the CD computation was limited to at least 1440 steps/cycle
even with the smoothly rounded grid because of the stiffness
due to clustered viscous grids. In contrast, the LU-ADI up-
wind method gave a reasonable solution with 720 steps/cycle.
The CD computation with 720 steps/cycle was stabilized by
doubling the dissipation coefficient, but the resulting pressure
distributions were smeared out and thus the result was not
satisfactory. The viscous solutions (not shown here) are sim-
ilar to the inviscid solutions in Fig. 2 because the flowfield is
barely viscous.

F-5 Wing
The second test considers unsteady viscous flows over an

F-5 wing that has an aspect ratio of 2.98, a taper ratio of 0.31,
and a leading-edge sweep angle of 31.92 deg. Computations

were made using two grids: the coarse and slightly finer grids
containing 121 x 25 x 25 points and 151 x 25 x 30 points,
respectively. Figure 3 shows the F-5 wing and the grid dis-
tributions at the root section of the fine grid. Figure 4 illus-
trates the motion used in the experiment conducted at the
National Aerospace Laboratory of The Netherlands.28 The
wing is pitching about an axis located at the 50% root chord,
and the pitching axis is normal to the wing root. Reference
3 discusses the CD results applied to the same test case.
Inviscid results about the F-5 wing can be found in Refs. 29
and 30.

The test cases are chosen at M,. = 0.896 and 1.328 where
the measured steady and unsteady data are given in Ref. 28.
All F-5 wing cases are computed at Re = 9 x 10° based on
the root chord. At these flow conditions, the coarse-grid so-
lution gave y* < 13.3 at the first shell of points above the
wing surface. For both the steady and unsteady cases, the
mean angle of attack a,,, is 0 deg. The unsteady flows are
computed _at a reduced frequency k = 0.550 and a pitch
ampHtudea = 0.11 deg for Af,. = 0.896. Similarly,* = 0.396
and a = 0.22 deg for M.,. = 1.328. The Baldwin-Lomax eddy-
viscosity model is used to compute the turbulent viscosity
coefficient.

The time-step dependency of the upwind method was checked
on both the coarse and fine grids at Af, = 0.896. The unsteady
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F-5 wing

am = 0°, a = 0.11°

k = 0.550
Re = 9 X 106

M00= 0.896
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Fig. 7 Comparison of computed viscous unsteady pressures between
the coarse- and fine-grid solutions at M.,. = 0.896 over the F-5 wing
using the upwind method.

pressure profiles converged with respect to time-step sizes at
1800 steps/cycle for the coarse grid and 2160 steps/cycle for
the fine grid. For computational efficiency, 1440 and 1800
steps/cycle are deemed acceptable for the coarse and fine
grids, respectively. All results shown here were computed
with 1800 steps/cycle.

M-,. = 0.896
Figures 5 and 6 show the comparisons of the computed

steady and unsteady pressures with the experimental data at
A/,, = 0.896 using the upwind and CD methods on the coarse
(121 x 25 x 25 point) grid. For the steady case, both nu-
merical solutions show shock-free profiles in agreement with
the measured data (note that CJ = -0.196 for M^ = 0.896).
For the oscillatory case, unsteady pressure peaks of the up-
wind solution indicates that the unsteady motion of the wing
produces a shock wave. The measured data also show the
peaks except at the 20% semispan location. In contrast, the
unsteady pressure peaks of the CD solution are smeared out
and the resulting profiles agree less favorably with the ex-
periment except at the 20% semispan location. The compu-
tation assumes symmetry at the wing root instead of a side
wall which may affect the experimental data at the 20% semi-
span location.

To see the grid dependency of the numerical solutions,
computations were done on the slightly finer grid (151 x 25

F-5 wing

am = 0 ,a = 0.

k = 0.550
Re = 9 X 106

IVU = 0.896

201
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Fig. 8 Comparison of computed viscous unsteady pressures between
the coarse- and fine-grid solutions at M-x = 0.896 over the F-5 wing
using the central-difference method.

x 30 points). Figure 7 shows the comparison of unsteady
pressures between the coarse- and fine-grid solutions using
the upwind method. The coarse-grid upwind solution is con-
firmed to predict the shock motion reasonably well compared
with the fine-grid result. Figure 8 shows the corresponding
plot using the CD method. The unsteady pressure peaks also
appear higher with the grid refinement in the CD results.
Further grid refinement will be required to obtain the grid
convergence because the geometry of the low-aspect-ratio,
swept, and tapered F-5 wing is more complicated than the
previous rectangular wing.

The unsteady pressure peaks in the upwind result indicate
the shock motion, while the smeared peaks in the CD result
do not. To check the presence of a shock wave in both nu-
merical solutions, the computed instantaneous pressure coef-
ficient contours at a = 0 deg during pitch down motion are
plotted in intervals of 0.02 for both upwind and CD methods
(Fig. 9). The bold lines indicate C* - -0.2. The upwind
result shows the shock wave moving forward, which is cap-
tured within the two grid points here. In contrast, the CD
result does not show any concentration of contours through-
out the cycle. Although the measured unsteady pressure data
show the scattering, the data indicate the presence of the
shock wave. Therefore, the upwind method captures the im-
portant feature of the flowfield better than the CD method.

Since only pressure data were available from the experi-
ment, the computed pressure profiles are compared with the
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experimental data. As discussed in Refs. 9 and 11, the upwind
method gives better (numerically less dissipative) resolution
not only for shock waves but also for boundary layers than
the CD method. To indicate this feature, the y+ values at the
first shell of points above the wing surface were averaged over

the wing for the steady case at M^ = 0.896 on the fine grid.
The upwind method resulted in ya

+
ve = 8.6, while the CD

method resulted in y£,e = 7.3. In general, such y+ value
indicates how well the grid resolves the turbulent boundary
layer. In this comparison, the larger y+ indicates the larger

F-5 wing
M00= 0.896
a = 0° (pitching down)
k = 0.550
Re = 9 X 106

Grid: 151 X 25 X 30
70% semispan

a)

Fig. 9 Comparison of computed instantaneous pressure contours between the upwind and central-difference methods at Moo = 0.896 over the F-5
wing with the fine grid: a) upwind result; and b) central-difference result.
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0-
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20% semispan

Fig. 10 Comparison of computed viscous steady pressures with ex-
periment at M, = 1.328 over the F-5 wing with the coarse grid using
the upwind method.
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Fig. 11 Comparison of computed viscous unsteady pressures with
experiment at M, = 1.336 over the F-5 wing with the coarse grid
using the upwind method.
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shear stress on the wing surface because the same grid, bound-
ary conditions, and turbulence model were used for both
methods. In addition, on the fine grid, the upwind and CD
methods give identical pressure distributions to those of the
coarse-grid upwind results (and thus the results are not shown
here). Note that there is no shock wave in the steady-state as
shown in Fig. 5. Therefore, the larger y+ indicates that the
upwind method leads to a less dissipative solution because
the only difference was in evaluating the inviscid fluxes with
Eqs. (17) and (23).

Mx = 1.328
Figures 10 and 11 show the comparisons of the computed

steady and unsteady pressures with the experimental data at
Mx = 1.328 using the upwind method with the coarse grid.
The computed pressures are in reasonable agreement with
the experiment for both steady and unsteady supersonic flow
cases.

For the viscous case, the upwind computation requires 18.9
IJLS per grid point per time step at a speed of 163 MFLOPS
on a CRAY-YMP computer using a single processor, while
the CD computation requires 17.1 JJLS at a speed of 150
MFLOPS. There is an 11% increase in CPU time while using
the upwind option of the code.

Conclusions
A streamwise upwind algorithm has been developed to

compute unsteady flows associated with a moving grid system.
The resulting code has been applied to compute flows over
oscillating wings at transonic Mach numbers. Comparisons
have been made between results obtained from the upwind
algorithm, using both temporally nonconservative- and con-
servative-implicit methods, with the results obtained from the
existing central-difference (CD) method, and also with ex-
perimental data.

A comparison of the temporally nonconservative LU-ADI
method with a time-conservative block-ADI version of the
upwind scheme indicates that the solutions are insensitive to
the time conservativeness of the implicit solvers when prac-
tical time-step sizes are used for a moderate motion of shock
wave in a transonic flowfield. The LU-ADI method was found
to allow larger time steps and require 50% less computational
time per iteration than the block-ADI method.

Based on the coarse-grid solutions, the LU-ADI upwind
method gives less dissipative solutions and thus predicts the
shock motion better than the CD method. The present method
is more robust than the CD method, since it does not require
any explicitly added numerical dissipation. The present work
illustrates the improvements in robustness and accuracy by
using the streamwise upwind scheme compared to the CD
scheme.
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